Abstract: The present paper disusses the preservation of the closed-loop stability when a derivative feedback is replaced by its difference counterparts. A sufficient condition for such stability preservation is provided. Applying this condition leads to a favorable result that the stability preservation is always true for single-input systems. It is pointed out however that multi-output systems do not allow such simplicity. Copyright c
INTRODUCTION
While the derivative feedback is the most fundamental technique in designing control systems, it is awkward to adopt the technique in the case of noisy measurement condition. If the derivatives are replaced by their difference approximation, noise effects might be somewhat alleviated, because the high frequency gain is not divergent unlike the derivative action. It is also expected (see e.g., Kokame et al., 2000b) that the difference action has a better performance with respect to the stability robustness. Further it is easy to implement on digital computers. With these points in mind, the present paper aims at disclosing the condition under which the closed-loop stability is preserved when replacing the derivative action by its difference counterparts.
The above-mentioned problem does not seem to have been studied in the literature, but a related problem has been assessed in a different context, yielding a favorable result that there exists a stabilizing difference feedback whenever the so-called odd number condition is inactive (Kokame et al., 2000a (Kokame et al., , 2001 ). The existence was shown through finding a stabilizing derivative feedback, and then approximating it by a difference action. This means that for some derivative feedback law, the closed-loop stability is retained when transferring to its difference approximates. This favorable result has motivated us to study a general problem to see when such a stability preserving transition is guaranteed.
By analysing the characteristic function of a relevant delay differenctial equation, we will provide a sufficient condition, which is very close to necessary one. Applying this condition yields the most desirable result that the stability preservation is always true for singleinput systems. It is pointed out however that multioutput systems do not allow such simplicity. In the following, the determinant of a matrix ¾ Ò¢Ò is denoted by det , and its eigenvalues are by ´ µ ½ Ò . The spectral norm of a matrix is expressed by . where Ú´Øµ is the reference input. In other words, we aim at finding a condition which guarantees the asymptotic stability of the closed-loop system,
STABILITY FOR DIFFERENCE FEEDBACK
with À being Hurwitz. The following stability analysis is based on the characteristic function of the closedloop system (Hale, 1977) , Q.E.D.
The condition of Theorem 1 is a sufficient condition for the stability brought by a derivative feedback being inherited in the corresponding difference feedback. However the condition is very close to a necessary condition. In fact, the following holds. 
Notice that if ´×µ has a zero on the imaginary axis, and has no other zeros in the open right half-plane, the desired inheritance of the closed-loop stability may sometimes be true, but sometimes be false. A detailed analysis shows that the interested condition of Theorem 1 can be described directly in terms of the eigenvalues of ´½µ, or those of Ã . In the first place, assume that ´×µ has no zeros in the closed right half-plane. Then does not vanish on the imaginary axis. Recall that under such nonvanishing condition, the argument principle assures that the number of the right half-plane zeros of , denoted by , is equal to ´½µ Á · Ã µ ½ , the condition is equal to det Á · Ã ¼.
The above observation can be generalized by noting that the interior of the forbidden domain ª entirely in-
We omit the proof, for it is straightforward. In Fig. 1 , the boundary of the disk is plotted by the dotted curve. À¯leads to that ´×µ has a root in À¯, which contradicts the assumption. Q.E.D.
APPLICATION OF THE CRITERION
We first give a simple example in which the derivative feedback stabilizes, whereas its difference approximation can not for all small Ì . Such ill-posedness may be compared to known instability caused by introducing small time-delays in the feedback loop (see e.g., Datko 1988; Louisell 1995; Longemann and Townley 1996) . Fig. 3 shows the initial responses of the closed-loop system which incorporates the difference feedback for several Ì . Though every response is diverging, it should be noticed that the divergence rate is more rapid for smaller Ì .
As compared with multi-input systems, we can enjoy a simple result for the case of a single-input system, Ü´Øµ Ü´Øµ · Ù´Øµ Then the difference feedback Ù´Øµ ½ Ì Ì´Ü´Ø µ Ü´Ø Ì µµ also stabilizes for sufficiently small Ì .
In the previous section, the anti-Hurwitzness condition was explained as a necessary condition to obtain a stabilizing difference feedback with small Ì . It is to be noticed that for single-input systems, the antiHurwitzness condition acts also as a sufficient condition.
Further if we put the condition det ¼ explicitly, a derivative feedback stabilizing´ µ requires ½ · Ì ¼. Thus Proposition 7 may be restated in a different form. Kokame et al., (2000a) .
When the controllability assumption remains, the favorable property of Theorem 8 may be extended easily to a multi-input system´½µ , if is cyclic. In fact, if´ µ is controllable with a cyclic , we can find a vector Û ¾ Ê Ñ for which´ Ûµ is controllable (see Wonham, 1967 On the other hand, the closed-loop stability under Ù Ã Ü means À ´Á · Ã µ ½ is Hurwitz. That is, Á · Ãis Hurwitz, which completely contradicts the anti-Hurwitzness condition. Thus the second order system´½¼µ can not be stabilized by any difference approximation for small Ì .
In the rest of the section, we proceed to get some light for the case of the multi-input systems. Assume that the system´½µ is controllable, and the matrix has full column rank. For simplicity we may assume that it is given in Luengerger's canonical form of the second kind (Luenberger, 1967) , where and are assumed to be Ñ ¢Ñ block matrix and Ñ ¢½ block matrix , where ¾ Ê ¢ and ¾ Ê ¢Ñ are given as follows: 
where Ã . Note that the determinant matrix polynomial ´×µ has the column degrees, ½ Ñ , and taking the coefficients of the column degree for the -th column makes the matrix Á · Ã .
In contrast to the single-input case, the difference feedback obtained from a stabilizing derivative feedback does not always work well. Assuming the controllability, there may exist two derivative feedback laws that yield the same pole distribution, but their difference approximation works well for one case, and does not work for the other one. Finally we give such an example.
Example 3: Consider a third-order system in the Luenberger's canonical form. 
Ü´Øµ

CONCLUDING REMARKS
The paper has considered the fundamental problem of whether the closed-loop stability is preserved when replacing the state derivative by its difference counterparts. A sufficient condition for such a stability preserving replacement being true has been provided. The condition is very close to necessary one. Applying this condition, we have shown a favorable result that the desired stability preservation is always true for singleinput systems. Using some examples, it is pointed out however that multi-output systems do not allow such simplicity. This study was partly supported by Grantin Aid(No. 13650494) for Scientific Research.
